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@ Consumption with a risky asset

@® Portfolio choice (many assets)

©® Equity premium puzzle
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Consumption with risky asset (1)

e Consider the consumption - savings problem:

Vo = max E; Zﬁtu(ct)
{ee}2 =0

tSt=0

e Until now, we had two assumptions:

» Labor income y; is risky

» Wealth a; is invested at the riskless interest rate r:
ar41 = (1+r)3t+}/t —Ct

e With this assumptions, we derive the Euler equation:

u'(ce) = (1+ r)BE[u' (ces1) lye
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Consumption with risky asset (2)

e Suppose instead that you invest in an asset with risky return &;:
dty1 = (1 +€t) atyr—c

e We assume &; to follow a Markov process.

o Examples:

(i) Risky discount bond (i.e. default):
Riy1  if repay
Sen { 0 if default Se1 = Reya Pr(repay)

(ii) Shares of a company: One share cost p; (in units of consumption
good), and delivers a stochastic divident d;;1 next period:

+d d
14 Er = Pt+1 t+1 _ Pri1 + t+1
Pt Pt Pt
N~ N~

capital gains  dividend-price ratio
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Consumption with risky asset (3): Euler

e Timing:
» Enter period with a;.
> & and y; are jointly determined at the beginning of period t.
» Then household decides consumption ¢;. (or new savings ar;1).

e Budget implied by this timing:

ar1i=01+&)ac+yi—c

e Euler is the same as before, but now that &, is not known at time t:

u'(ce) = BE [ (cea1) (1 + &ean) lye, &6
e Divide both sides by v/ (¢;) :

_ u' (cey1)
1 = 3E; W (1+&41)
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Consumption with risky asset (4): SDF

e Define M;1 = Bu' (ce11) /U’ (ct) as the stochastic discount factor (SDF).
e Also define Z;11 = 1+ &;11 the random return.

e Then Euler equation becomes:

1= Et [Mt+1Zt+1]

We will use the Euler for different things:

> Price assets (i.e. stocks)
» Establish bounds on returns

We will often rewrite the expectation of a product as product of expectations

plus covariance:
1 = E¢ [Me1Ze41] = Ee[Me1]Ee [Zeqa] + Cove [Mey1, Zei4]
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Consumption with risky asset (4): Price of an asset

o Euler equation can be used to derive the market price of assets.
e |et us compute the price of a stock:

d,
1=F, {Mrﬂm}

Pt

Opening the expectation:

pt = Ee[Mea]Ee [per1 + dega] + Cove [Mey1, pesa + deya]

e The price of the stock (or bond) is determined by:

@ Expected price plus future dividend (discounted by expected SDF)
® Risk, but not only the variance, also the covariance with marginal
utility of consumption (SDF).

e This is the Consumption Capital Asset Pricing Model (CCAPM).
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Stock pricing (1)

e Starting from stock Euler:

per = E¢ [Mey1dei1] + E¢ [Meg1pes1]

* Let's substitute recursively the sequence of {p;4;}?°; and using the Law of
Iterated Expectations, to obtain:

pe = E{[Myidina] + Ee [Megr (Eegr [Meodiio] + Eepr [Me2peso])]
= Et[Mir1depa] + Ee [Mey1 Meiodeio] + Ei [Mey1 Meyapeyo]

Z <H Mt+s> deyj | + lim By l(ﬁ Mm) ptﬂ-]

s=1 s=1
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Stock pricing (2)

Notice that Mt+1Mt+2 _ Bul(cﬁrl)ﬂ Ct+2 52 Ll;(/?z;) .

u'(ct) (ces1)

e In general:

: ACE)
(sl_[l Mt+s> - 6 o (Ct)

e Hence we obtain the price of the stock:

e

bubble term
discounted stream of dividends

Thus the stock price = fundamental value + bubble.



Stock pricing (3): Bubbles

e Bubble term: o )
Ct+j
lim E; |/ — " pryj
Jim B |55 ]
o \We will assume no bubble condition: Bubble term = 0

Usually bubbles can be ruled out in general equilibrium models.

Bubble may arise in OLG models (i.e. money is a bubble) or in models with
borrowing constraints (papers by Martin and Ventura).

Rational bubbles (wait for Alberto's class)

» Suppose that p; = p} + B;
» p; is the fundamental value of the asset

» B; is a "rational” bubble, which grows at the constant rate Byy; = RB;
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Stock pricing (4): Risk neutral agent

e Assume that the household holding stocks (the "investor") is risk neutral
(v'(¢t) is constant) and RS = 1.

In this case Myy1 = Bu’ (ce+1) /U (c:) = B = & at any time t.

Therefore, the pricing equation simplifies to:

dr i1 drio E; [pe1]
ptIEt|: R :|+Et|: R2 :| ++TJ

e Assuming no bubble condition lim W
J—o0

= 0, we obtain:

=1
pr = Z ﬁEf[df'H']
j=1

o The price is the net present value of future dividends.

Clearly, risk does not affect the price.
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Portfolio choice (1)

e For simplicity, we assume no labor income.

Assume there are two assets:

» Bonds: risk-free and pay return R.

» Stocks: risky and pay return Z;11 (unknown at t).

e Consumer may choose how much to invest in each asset.

Let w; be the fraction in stocks and 1 — w; in bonds.

The budget constraint becomes:

at+1 = (tht+1 + (1 — (JJt) R) (at — Ct)
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Portfolio choice (2)

e Value function:

V(at, Zt) = max u(c) + BE: [V (ar41, Ze41)]

Ct,Wt

ag+1 = (wtzt+1 + (1 — Wt) R) (at - Ct)

e FOCs:
v (c) — BE: [(tht_,_l + (1 —w)R) W] = 0 ()
(e — ct) BE: [(zm _R) W] — 0 (@)

e Envelope condition:

V (a¢, Zy)

da = PE: [(wtztﬂ +(l—w)R) \/(aﬂrhzﬂrl)}

Oary1
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Portfolio choice (3)

e Combining the FOC w.r.t. ¢; and the envelope condition:

Ul (Ct) = 7\/ (;:tZt)

Substituting back into the envelope condition:
u' (ct) = BE¢ [(weZer1 + (1 — we) R) U (cer1)]
and opening the expectation (note that w; is chosen at t so comes out)
u'(ct) = weBEe [Zeyau' (cer1)] + (1 — we) RBE: [u' (ces1)]
e From the FOC w.r.t. w; (assuming a; # ¢;)

7\/ (a1, ZHI)} =E,; |:Zt+1

Dari1
V(3r+1 -,Zt+1)
OQary1

RE: [ (ct4+1)] = Ee [Zes10" (ce41)]

V(ati1, Zey1)

RE
‘ [ Dart1

substitute the fact that v’ (c;) = and it becomes:
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Portfolio choice (4)

e So we have two equations:

RE [u' (cer1)] = Ei[Zepat (cenn)]
u(c) = BlwBe[Zent (cern)] + (1 - we) RE: [U (cevn)]}

o Together, they imply two Euler Equations that must be satisfied:

1 = RE, {6U'(Ct+1)]

u' (cr)

1 = E; [Zt+1/8u;/(((:z.:;):|

o And using other definition of SDF:

1 = RE; [Mt+1]

1 = E; [Mt+1zt+1]
e Keep this in mind: & = E; [M;1]

16
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Portfolio choice (5)

e For each Euler, we open the expectations of the product as the product of
the expectation plus the covariance.

o Rearranging, we obtain an expression for excess returns:

Et[Zt+1] — R = —Rpcov |:Zt+17 uu,(?:t)l)}

o Excess returns are positive if covariance is negative.
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Portfolio choice (6)

’

e Finally, recall the linearisation of Euler eq.: % =1 ya=a.

Ct

EtZt+1 - R= ")/RﬁCOV (Zt+17 Ct+1C_Ct> (1)

t

where ~ is the coefficient of relative risk aversion.
e But data tells LHS>RHS (Mehra-Prescott, JME 1985, updated data 2003)

e Equity premium puzzle
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Portfolio choice (7)

e Start again from:

Ju—y
I

REt [Mt+1]
1 = E [Mt+1Zt+1]
o Now subtract the first equation from the second:
E, [Mt+1(Zt+1 - R)] =0
and define excess returns Zy 1 = Zy11 — R to get:

E, |:Mt+12t+1:| =0

e This is a key moment condition used in empirical asset pricing (Hansen and
Singleton, 1982)
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Market price of risk and HJ bounds (1)

e Consider again:
Et [Mt+12t+1] =0

o Open the expectation and write as:

Et[Mt+1]Et [ZH} = —Cov; {Mt+172t+1]

o Recall the Cauchy-Schwarz inequality applied to the covariance (this comes

from the definition of correlation coefficient between 0 and 1):

|Covy [Mr11, 1] | < oe[Miyi]ot [§eva]

where o; denotes the conditional standard deviation. which also says

—0t[Miia]oe [€e41] < Covi [Miy1,&ev1] < 0e[Miya]oe [§es1]

and in particular:

—Cov; [Mi11,&e11] < 0t[Miyi]ot [§eva]
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Market price of risk and HJ bounds (2)

e Substituting back:

]Et[Mt+1]]Et [ZH} = —Cov; [Mt+172t+1} < Ut[Mt+1]Ut [ft+1]

e Rearrange and obtain a bound on the risk-adjusted return of an asset:

E; |:2t+1} _ oe[Mi11]
ot {ZH} T EdMey4]

market price of risk
risk-adjusted return

For a final touch, recall that E;[M;;1] = %.
e The market price of risk comes from preferences.

e This conditions is called Hansen-Jaganathan bounds and can be checked
empirically.
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Market price of risk and HJ bounds (3)

e This expression applied to a risky asset with price p; and return Z;; says:

1 ot[Miy1]
> = EZia] - 3 Z,
Pt = R t[ t+1] Et[Mt+1] O’r[ t+1]
N——

market price of risk

o The market price of risk gives us the rate at which the price of the asset falls
(relative to the price of the riskless bond %) as the conditional volatility of
its returns increase.
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Failure of CRRA to attain HJ bounds (4)

E; {2#1} It (thtl ) B

A <p
Ot [Zt—s-l] E, (—C’“) !
Ct
—_———
market price of risk

risk-adjusted return

e .

0.15) x

x
x
. x
x
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x
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Figure 15.6.1: Solid line: Hansen-Jagannathan volatility
bounds for quarterly returns on the value-weighted NYSE
and Treasury Bill, 1948-2005. Crosses: Mean and standard
deviation for intertemporal marginal rate of substitution for
CRRA time separable preferences. The coefficient of relative
risk aversion, y takes on the values 1, 5, 10, 15, 20, 25, 30,
35, 40, 45, 50 and the discount factor 5=0.995.
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Equity Premium Puzzle (1)

e Mehra and Prescott (1985) consider a simple " pure exchange economy”,

with one representative household that maximises intertemporal consumption
-
Eo {Z ﬂtct } -
e One representative firm produces y;, which is an exogenous stochastic

process:

Yt+1 = Xe41 Ve

o x; e {(1+p—0),(1+p+0)}is atwo state symmetric Markov process

with persistence ¢.

o These parameters match the average, the standard deviation and the first
order autocorrelation of the growth rate of per capital consumption.

o In equilibrium the representative household owns the representative firm, and
consumes a dividend equal to output: ¢; = y; (no capital, no storage
technology, no savings!).



Equity Premium Puzzle (2)

e So the price of this security is:

pe = BE; {uu/(((:z)l) (pr+1 + dt+1)}

e Which becomes (recall that v/ (¢;) = ¢; 7):

¥
p: = BE; { (yi/;) (pe41 + }/t+1)}

e Since we know the law of motion of y;, we can compute the equilibrium price

and return E[Z;44].
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Equity Premium Puzzle (3)

e Suppose now that households can trade a security which guarantees a safe
return next period equal to 1.

e Then the price of this security p** must satisfy:

pfafe _ ﬂEt { U/(CtJrl)l} — B]Et{( Yt )V}
u' (ct) Yet1

and net return is R = 1 + rfe = ps]:afe

e If there is no risk, then y; = y,41 and p$*® = 3, which implies R3 = 1.

e If y, is stochastic, more volatility implies higher p$*® and lower R. For a
given volatility more risk aversion implies the same.

e Note: nobody buys and sells this security in equilibrium, because all
households are homogeneous (Lucas trick).
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Equity Premium Puzzle (4)

® Results obtained are consistent with the risk premium as derived before:

EtZt+1 —R= ")/RﬂCOV (Zt+17 CH_lCCt)

t

e Model tells us what risk is: covariance with consumption growth.

e Data to test:

>

>

>

E:Z; 1 —1: Return NYSE market index 1889 - 1978: 6.98%
R —1: Return 3 months T-bill = 0.8% —> equity premium 6.18

cov (Zt+1, Ct“ct_c‘) : Covariance between stock returns and
consumption growth = 0.0027
If BR =1 the implied risk aversion is v = 0.0618/0.0027 = 23.

But realistic values of v are between 1 and 4.
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Equity Premium Puzzle (5)

Mean

Variance-Covariance
I4rfy 1470y an/a

1+ry, 1070
1478, 1010
Cit1/ct 1.018

0.0274 0.00104  0.00219
0.00308 —0.000193
0.00127

Table 15.3.1:

Summary statistics for U.S. annual data,

1889-1978. The quantity 1+rf,, is the real return to stocks,
1+ 178, is the real return to relatively riskless bonds, and
ct41/ct is the growth rate of per capita real consumption of
nondurables and services. Source: Kocherlakota (1996a, Ta-
ble 1), who uses the same data as Mehra and Prescott (1985).
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Hansen and Singleton (1982)

e Recall the first order condition for any asset with payoff Z/, ;:
v (ce) = Ee [Bu’ (cer1) Zitq ]
e Divide both sides by v’ (¢;) to obtain the moment condition:

Bu’ (cri1;0)

IE7: Ztf+1 u (Ct; 9)

-1=0

where i indicates asset .

0 are the structural parameters of the utility function.

Since this is a moment condition, they use (invent) GMM to estimate the
parameters 6 and [ such that the empirical counterpart of this condition is

as close as possible to 0.
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Hansen and Singleton (1982)

e Moreover, since this FOC is conditional to the current information set, it

must be that: B ( )
i u (Ct+1,
K 1 (6 0) M °

for any time t variable y;.

e So if the model is correct, any lagged variable y; is a valid instrument to

estimate 6.
e HS use lagged asset returns as instruments (recall Hall) and find:

@ Overidentifying restrictions strongly reject the model
® 0 way too high, just like Mehra-Prescott.

o Conclusion: something's really wrong with the model.
e Interested in reading more: Mehra and Prescott (2003) pretty accessible.
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Solutions to Equity Puzzle (homework)

Habits

e Disasters

Distorted beliefs

e Asymmetric shocks
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