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Saving motives

@ Intertemporal motive: patience vs. returns to savings (BR > 1)

® Smoothing motive: equalize v'(c) through time (c; is a normal good).
© Life-cycle motive: smoothing between working life and retirement.

@ Bequest motive: altruism towards offspring, leaves behind assets.

@ Precautionary motive or self-insurance: associated with future income

uncertainty.

» Desire to save, accumulate wealth, and face less fluctuations in ¢ and

v’ in the future.

> Arises through preferences (prudence) or borrowing constraints.

)
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Preliminaries: Jensen's Inequality for Convex Functions

o Let X be a convex set in a real vector space and let f : X — R be a function.

e f is called convex if Vxi, x2 € X,Va € [0,1]
flaxi + (1 —a)x) < af(x) + (1 — a)f(x)
o Consider a random variable x that takes value x; with prob « and value x»
with probability 1 — a.

» Let x =E[x] = ax; + (1 — a)xa.

» Using definition of convexity, we get: f(E[x]) < E[f(x)].
e Jensen generalized the inequality using measure theory.

> Let (2,3,P) be a probability space, x an integrable real-valued random

variable and f a convex function. Then:

f(E[X]) <E[f(X)] Jensen’s Inequality for Convex Functions
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Convex marginal utility (1)

e We will abandon quadratic utility framework (u” = 0).
o Now we adopt a utility function with positive third derivative.
u"(c) >0

» u”(c) < 0 means that marginal utility is decreasing.

» u"”'(c) > 0 means that marginal utility is convex.

e Convex u’ means that an additional unit of consumption is very valuable
when consumption is low, compared to when consumption is already high.

e With linear v/, in contrast, an additional unit of consumption provides always

the same marginal utility.



Convex marginal utility (2)

u'(cy)

u”(c) >0
Convex

u”(c) <0
Decreasing

u"(c) =0
Linear
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Prudence: Intuition in two-period model (1)

e An agent will exhibit prudent behavior if v’ > 0.

o Consider the simple two-period consumption-saving problem

max u(co) + BE[u(cr)]
{CO,C1731}
0 = Yo— a1
aq = Rai+n

where yo is given, and y; is stochastic: E[y1] = i, and V[y1] = o,.
e Assume SR =1 to simplify algebra, Euler equation gives:
u'(yo — a1) = Ey, [u'(Ray + y1)]

» Since u” < 0, LHS is increasing in a; and RHS is decreasing in a;
» This implies aj is uniquely determined.

e Policy: co = yo — aj

> A rise in savings aj leads to a fall in current consumption.
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Prudence: Intuition in two-period model (2)

u'(Ray+y) RHS

ELU'(Ray+y,)] LHS

U(yo—aq)

Ra,+u, Ra,+y, ay’ &



Prudence: Intuition in two-period model (3)

e Let us increase uncertainty over next period income y; through a
mean-preserving spread:

> Let ¢; be a random variable with E[e;] = 0 and V[e;] = o..
» Define 5 = y1 +£1, a mean-preserving spread of y;.

* E[x] = py and V[ja] = 0, + o-.
e Under the new more uncertainty world:
» The LHS of Euler remains the same.

» The RHS of Euler increases by convexity of v’ (Jensen is applied to E,,)

Ey, e, [U'(Ra1 + y1 + €1)] > By, [v'(Ra1+y1+E[e1])] = By, [u'(Rar + y1)]
—_—————

new RHS old RHS

e RHS shifts upwards and induces a rise in aj and a fall in ¢.
e Famous result by Rothschild and Stiglitz (1970).
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Prudence: Intuition in two-period model (4)

U'(Ra+y;) RHS RHS LHS
E[u'(Ra;+y)] | E[u'(Ra+y,+eq)] U'(yo—ay)
E[u'(Ra;+y,+e
U (Raty;+e,)] Mean Preserving Spread
o,+0,
E[u'(Ra+yy)]
S
Ra, i, Ra,+y, a,"(0) a,(o,) a,

Precautionary Savings
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Prudence vs. Certainty Equivalent

Consider the consumption-savings problem with uncertainty.

Recall the FOC with uncertainty and R =1

u'(ct) = B¢ [u' (cri1)]

Under quadratic utility we have certainty equivalence:

E¢ [v' (ce+1)] = u' (Bt (cet1))

which together with the FOC implies that consumption is a random walk:

u'(c) = Ee [0 ()] &= ' (cr) = U' [Ee (cer1)] == ¢ = Ee (cet1)

But E; [t/ (ct+1)] = U [E¢ (ce41)] is true only if o’ is a linear function.

» Linearity = u” is a constant and v’ = 0.

12/50



Prudence vs. Certainty Equivalent

e Assuming u"”’

> 0, implies that ¢ is a strictly convex function and by
Jensen's inequality:

u' [Ee (ce41)] < Ee [0/ (ce41)]

o Therefore if we set ¢; = E; (¢r41) the marginal utility of consumption in
period t would be too low (too much ¢;), and it violates Euler:
/ — / E < E /
u' (c) - Y (Ee (1)) < Eelu' (ceqa)]

cr=E¢(cti1) Jensen

e For the FOC to hold with equality, we need to reduce ¢; below E; (ct41) .

= Precautionary Savings
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Recap of results

e Summing up the case with SR =1:
> Certainty: ¢; = ¢4
e Consumption is constant.
» Uncertainty and v’ =0: ¢ = E; (¢t41)
e Consumption is a martingale.
» Uncertainty and v > 0: ¢ <E;(crs1)-

e Consumption is a supermartingale.
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Prudence: Taylor Approx (1)

e A more general result.
e A second order Taylor approximation to u/(+) around the point ¢; = ct41

u'(c) = BRE:[u (cey)]
v (c) ~ BRE, [u' (ce) + u” (ce) (cerr — ce) + 2™ (cr) (cesn — ctﬂ

1 ~ /BR]E 1 + CtU// (Ct) Ct+1 — Ct 1 CtUH (Ct) CtU/N (Ct) Ct+1 — Ct 2
‘ u' (ct) Ct 2 U(c) U (cr) Ct
————r
L —(ct) —(ct) —(c)
- - . R
1o~ BRE (1 a(a) (B ) 4 D@t (S22 ]
Ct 2 Ct
o with v(¢;) = —ct”’ (¢r) /U’ () = coefficient of relative risk aversion (RAA).

o with ¥(c;) = —cv"” (¢;) /u”’ (¢;) = coefficient of relative prudence (RP).
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Prudence: Taylor Approx (2)

e Note that y(¢;) = ¢ and ¥(c:) = ¢ are known at time t.

® Since ¢r+1 & ¢, then E¢[cet1] &~ c:. Opening the expectation:

E |:Ct+1_ct:| %iﬂR_l
I e v BR

1V, {CH—C}

Ct
e In the approximation, ¢;+1 ~ ¢ = C‘%:Ct ~ Alog cri1

e If BR~1, Bg; = —log BR.

1
Ei[Alogcet1] ~  ——logBR +2 V¢ [Alog cri4]
/t _/_/

precautionary motive
intertemporal motive

e Higher variance of consumption growth =- Higher expected consumption
growth = Lower current consumption = Precautionary savings.

e The previous equation nests all our previous models.
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Prudence: CARA Utility

e A closed form solution of the optimal consumption problem can be obtained
even without certainty equivalence

e (Closed-form can be obtained with two elements

@ (Constant Absolute Risk Aversion) CARA utility with coefficient v > 0

u(c) = —exp(—yc)

. ' _ _ =" exp(=c)
=TS =0

e Absolute risk aversion

111
e Absolute prudence: —47 = ,M =

o7 — 1 >0
@ Income follows a random walk
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Prudence: CARA Utility (1)

e The Euler equation becomes:

exp (—vcr) = BRE: [exp (—vce41)]

o Consider a slightly modified timing for the evolution of wealth.

» Savings at the end of period t are a; + y; — ¢;, thus:

a1 = R(at + ¥ — Ct)

e |[ncome is a random walk:

Ye=Ye1+ten, e~ N (0702)
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Prudence: CARA Utility (2)

e Guess: linear policy rule

c(as, yt) = Aar + By: + k

e In the next period, consumption is also given by rule:

Ct+1(3t+1,}/t+1) = Aar1+ By + k

e Substitute evolution of assets a;;1, income y; and consumption ¢;
Cty1 = AR(at +ye — Ct) +B (y: + 5t+1) + k

= AR(a:+y: —Aar — Byr — k) + B (ye +ee1) + k
[AR(1— A)]a; +[AR(1 — B) + Bly: + (1 — AR) k + Ber 11

e Note: have to carry £, even though E;(e:41) = 0, because its variance
will have effects in policy (no more certainty equivalence).
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Prudence: CARA Utility (3)

e Substitute back c¢;y1 in the RHS of Euler equation:
U,(Ct) BR]EL‘ I:U, (Ct+1)]
PR — ﬁREt [e*“rctﬂ]

BRE, |:e—'y([AR(1—A)]at+[AR(17B)+B],Vr+(17AR)k+Bet+1):|

e*’Y(AatJrB)/tJrk)

e AR Br—k o IIAR(-Allae—1[AR(L-B)+Blye—1(1-ARK g o [e—wsm}

® Matching coefficients for states:

1 r
A = AR(1-A A=1— - = —
B = AR(1-B)+B= B=1
® Matching constants:
ek = e -ARKgRR, [e—wssm]
—yBey
o - . |:(1—AR)I<— ‘Og(’f"?) B log E¢ [e ‘Y'V +1] :|
e = e
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Prudence: CARA Utility (4)

e Substitute B =1 and A= £ and solve for k:

k = _1 |:|Og (ﬂR) + logEt [eV€t+1]:|
r ¥ ~

2,2 1252
e Recall £¢r—1 ~ N (0,02), then E; [e7751] = 07+737 = 72"
2 2
11 R) loge™= 1l R
o = _1|loeg(s )+ oge> | 1Tlog(s )+%702
r v v r ¥

e Finally, we obtain the policy function:

r 1]lo R
Ct(atvyt) = Eat + V: — P [ggﬁ) + ;7‘72:|
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Prudence: CARA Utility (5)

e With CARA utility and random walk income, consumption policy is given by:

101l R 1
r{og(ﬂ )+7ﬂ//02

(ae, y0) = e +
c(a = —a -
ty YVt t T Ve ’Y 5

R

o Interpretation

> Annuity value of a; (adjustment for R because we changed the timing)
» Consume all y; because it is permanent income (random walk).

. . log(3R -
» Relative patience ( °g(f )) decreases consumption, as usual.

» Only difference with certainty equivalence: additive variance term %702
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Prudence: Summing Up

e From closed-form solution (CARA utility) or second order Taylor

approximation, we find that:

(a) Precautionary savings increase with risk 2.

(b) Precautionary saving increases with prudence (¢;).

e For commonly used utilities, risk aversion and prudence are closely related.

» CARA: v is both absolute risk aversion and absolute prudence.
» CRRA: ~ is relative risk aversion and 1 + + is relative prudence.

» Benefits: simple; Drawbacks: one parameter for different functions.
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Prudence: Further comments

e Quadratic utility is unrealistic: marginal utility equal to zero at a finite point.
e Positive third derivative is realistic.

» The more we expect future consumption to fluctuate in response to
shock, the higher is u' (¢;) = E¢(v (¢e41)) in equilibrium.

» We fear disaster in the future and we are willing to save in order to
shield from its effect.

e Decreasing absolute risk aversion (DARA) implies v’ > 0. (Homework)

» Precautionary motive becomes smaller and smaller as we become richer.

» Consequence: ¢; is positively related to a;, even conditional on the
same expected future income.
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Borrowing constraints: Idea (1)

e Borrowing constraints (BC) take the following form: a;y1 > a
e Why do BC they induce precautionary savings?
o Let us abstract from prudence and focus on the quadratic case.
e Suppose there is a no-borrowing constraint: a;;1 > 0.
e Then the policy is given by:
- { Elcet1] -if a1 >0 n-ot -binding, FOC holds
¥+ +ar if asy1 =0  binding, budget holds

e \We can write optimal consumption plan:

¢t = min{y; + a¢, E¢[cey1]} = min{y: + ar, Ee[min{yer1 + ar1, Ee[cero] }]

e The constraint household would like to borrow to finance ¢;, but she is not
allowed and thus consumes all her resources.
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Borrowing constraints: Idea (2)

® Let us start with the consumption plan in t + 1:
Cer1 = min{ye1 + arr1, Ee[ceyo]}
e Then using the density of y;.1, we find

Ee[cer1] = Ee[min{yesa + ae1, Ee[ceio]}]

Binding
P
Cis1 L7 At Y
2
r””
. - r’,
Not binding L
.
EULER et
e S
EwilCual /’, Cysq = Min {ag,, + Vi1, EpalCe.l}
_________ o
E[ci.1] o
/ y
A1 /

Ythreshold My Yt
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Borrowing constraints: Idea (3)

o Given expectation of future consumption, today’s consumption is given by

Gt = min{}’t + ataEt[Ct+1]}

Cret

E[Ci.q]

G

Not binding
EULER
Efcea]

gy

, Binding

Not binding
EULER

EplCua]

Binding
e +
L7 At Y

-

,// Ceq = MIN {4 + Viaq, ErqlCrial}
.

0,

/ ’

At Y,

P
" c,=min {a,+y, E[c.]}

Yt

Yinreshold Yt

Hy
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Borrowing constraints: Idea (4)

e Suppose uncertainty about future y;; increases (MPS) = low realizations

of y;11 become more likely => borrowing constraint more likely to bind in
the future = E[min{ys+1 + art1, E¢[crr2]}] falls = E;[ce44] falls

Ct+1

ElCy ]S

Efc ]~ =

Qg1

Not binding
EULER

Et+1 [c|+2] ~
2

. Binding

.
Apeq F Yiuq

Ythreshold

Extra mass in binding states

Hy

31/
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Borrowing constraints: Idea (5)

o Today, agents reduce ¢; and increase savings for

precautionary motives!

. Binding
A1 Yiug

o
L

Cie1 = MIN {811 + Virq, Epuq[Criol}

Ci1
Not binding
EULER
Et+1 [°¢+z] ,,/
E[cm]\
E[ci.1]
Age1]
. Binding Yihreshold
G " a.+y, Extramass in binding states
Not binding s

EULER
Efcu]

Yt

Hy
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Borrowing constraints: Idea (6)

e Agents fear getting consecutive bad income realizations that would push

them towards constraint, destroying their ability to smooth consumption.

e Very similar to irreversibility in investment.

o Result: Even without prudence, in the presence of borrowing
constraints a rise in future income uncertainty leads to a rise in
current savings.

33 /50



Roadmap: Precautionary Savings

@ Prudence
» Preliminaries: Jensen's Inequality and Convex Marginal Utility
> Intuition in two-period model
» General results with Taylor approximation

» Closed form: CARA + Random walk income

® Borrowing constraints

» Natural

» Ad-hoc

©® Empirical evidence

34 /50



Natural borrowing constraint

e |s there a borrowing limit that the household naturally will not trespass?
o Let us start with the certainty case where {y;}22, is a deterministic sequence.

e Impose c¢; > 0 for all t and iterate forward the budget constraint:

at+1 — Vi

c=Rar+yr—a12>20 = a > R

o Now substitute forward recursively and use the No Ponzi condition:

> at4+2 — Yi+1 > aM;Ryt+2 — Y41 > at43 Y42 Yit+1

= TR = R =Rz T RZ R
which reduces to:

a1 > — Z y? = a; Natural Borrowing Constraint

e The household is not allowed to accumulate more debt than what she will

ever be able to repay by consuming zero every period thereafter.
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Natural borrowing constraint

e Now consider model with uncertainty.

e How can we be sure that household will repay almost surely (with prob 1)?

» Same restriction ¢; > 0.
» Now c¢; has to be positive even if worst income realization happens:
» Substitute y; with the lowest possible realization of income ymin

21> 2" =3  Natural Borrowing Limit
r

» This can be very tight. If ymin =0 then a;11 >0 No borrowing!
e No exogenous borrowing constraint can ever be looser than the NBC.

36
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NBC and Inada Conditions

What do we need for ¢; > 0 and for the household to avoid the NBC?
» Inada conditions! Utility satisfies u(0) = —c0.
® Assume she does borrow up to a; = ym’" and precisely ¥i = Ymin-

e From budget constraint:

Vi
¢ = Rai+yt—arp1=-R "r”n + Ymin — 8t41
R ) )
_ (1 _ ) Vimin — 3p1 < Ymin - Ymin -0
r r r
max that can be borrowed
e Therefore ¢; < 0 and u(c;) = —oo, never want to reach that state!

e Message: With Inada conditions, the NBC will never bind (thus is it
“natural”) and can safely assume interior solutions for Euler Eq.
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Ad-Hoc Borrowing Constraints (1)

e \With Inada conditions, the NBC does not bind.

e Other type of ad-hoc or exogenous limits, where a > a may bind:

a1 > a

e Now we show precautionary behaviour in a general setup.

e The problem with borrowing constraints is given by:

E

e [ ]

a1 = Rar+yi—c (Ae)
a1 = a (,Ut)

where \; and p; are the Lagrange multipliers respectively.

o How do we interpret ;7
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Ad-Hoc Borrowing Constraints (2)

e The Lagrangian is given by:

max L = max Zﬂt [u(ce) + At [Rar — ¢t + ¥t — arp1] + pe (3e41 — a)]

Ct =0 t=0

e FOC:

(ct) u'(c) = e
(ae+1) e + BRE: (Aev1) = Ae

and putting them together:

u' (ce) = pe + BRE [u' (ces1)]
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Ad-Hoc Borrowing Constraints (3)

e |et us consider two cases:

o |f we have enough wealth to consume optimally, then we are not liquidity
constrained

> arr1 > a
» Since the liquidity constraint is not binding, it follows that p; = 0:

u' (c) = BRE; [u' (ct41)]

o If we do not have enough wealth and we cannot borrow, then we are liquidity

constrained:

> a1 =24
» Since the liquidity constraint is binding, it follows that p; > 0:

u' (ct) > BRE, [u' (ces1)]
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Ad-Hoc Borrowing Constraints (4)

e With binding constraint, v’ (¢;) is too high because c¢; is constrained by

available wealth:

=Rai+ys—ay1=—=cc=Rar+y: — a

» Euler equation determines the value of u; (the shadow value of an
additional unit of wealth)

pe = u' (ct) — BRE: [u' (ce41)] > 0

> The lower is wealth, the lower is c; (relative to ¢;41), the higher is ;.

e The more liquidity constrained today, the higher is ., the lower is c;.

U (ct) = pe + BRE: [u' (¢e41)]
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Ad-Hoc Borrowing Constraints (5)

e Hence a positive liquidity shock (for example a reduction in a) reduces

and increases c;.
» PIH is violated, liquidity shocks matter for consumption.
e Future expected financing constraints reduce consumption today (a
form of precautionary saving).

» Assume SR = 1 and substitute recursively forward the Euler Eq:

u'(ce) = pe + Ee [t + prego + oo 4 pieg + -]

» Even if y is equal to zero (not binding today), v’ (¢;) may be higher as
a consequence of future expected financing problems.

» Then consumption falls today.

» Again, recall firm investment behavior with irriversibilities.
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Precautionary Savings: Empirical Evidence (1)

o Precautionary savings may explain life-cycle behavior:

» young people do not borrow (want to build up a buffer-stock)
» old people do not dissave much (want protection against uncertain

life-span).

CONSUMPTION OVER THE LIFE CYCLE

Thousands of 1987 dollars
27

L T T
J —— Consumption (smoothed)
O Consumption (raw)

—+— Income

26

251
24L
23F
22+

21

25 30 35 40

45
Age

50
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Precautionary Savings: Empirical Evidence (2)

e Carrol (2001, JEP) “A Theory of the Consumption Function, with and
without Liquidity Constraints”.

o Test impact of liquidity constraints with a realistically calibrated model:
Yt = YtPEt

YP = GYP,

e Transitory shock €; is asymmetric:

o N(0,0.04) with prob p = 0.995
& ct 0 with prob p = 0.005

e Benchmark: CRRA with y =2, 8 =0.96, R=1.04 and G = 1.03.
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Precautionary Savings: Empirical Evidence (3)

Steady-State Statistics For Alternative Consumption Models

Income Aggregate
Growth Mean Median Consumption Mean Frac With Frac With
Factor w w Growth MPC w <0 w =0
Panel A: Baseline Model, No Constraints
1.03 0.43 0.40 1.030 0.330 0.000 0.000
1.02 0.52 0.48 1.020 0.276 0.000 0.000
1.00 2.26 2.06 1.000 0.064 0.000 0.000
Panel B: Strict Liquidity Constraints
1.03 0.28 0.24 1.030 0.361 0.000 0.070
1.02 0.36 0.32 1.020 0.301 0.000 0.051
1.00 228 2.06 1.000 0.065 0.000 0.000
Panel C: Borrowing up to 0.3 Allowed
G=1.03 —0.03 —0.06 1.030 0.361 0.611 0.000
G =1.02 0.06 0.01 1.020 0.299 0.478 0.000
G =1.00 1.94 1.71 1.000 0.064 0.023 0.000
Panel D: Borrowing up to 0.3 at R = 1.15 Allowed
1.03 0.11 0.07 1.030 0.327 0.320 0.058
1.02 0.21 0.16 1.020 0.274 0.210 0.046
1.00 2.11 1.89 1.000 0.064 0.007 0.002
Panel E: Statistics from the 1995 SCF
—_ 1.02 0.29 —_ —_ 0.205 0.025

Notes: Results in Panels A through D reflect calculations by the author using simulation programs
available at the author’s website, (http://www.econ jhu.edu/people/carroll/ccaroll.html). In Panel A,
no constraint is imposed, but income can fall to zero, which prevents consumers from borrowing. In
Panels B through D, the worst possible event is for income to fall to half of permanent income. For
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Precautionary Savings: Empirical Evidence (4)

e Early micro studies found that precautionary savings [PS] contribute for as
much as 50% of aggregate wealth for individuals below the age of 50.

» Carrol and Samwick (1997,1998) and Carrol, Dynan and Krane (2003).

e Most of this aggregate wealth is accumulated by entrepreneurial households,

who face much more income risk than non-entrepreneurial ones.

o Entrepreneurial households may have motives unrelated to precautionary
saving (they do not have a pension; then may have different preferences,...).

e Hurst et al (Restat 2010) estimate PS separately for these two groups, and
find that PS contributes to only around 10% of aggregate wealth.
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Empirical tests of PIH (Discussion 1)

Johnson, Parker and Souleles (AER, 2006) Household Expenditure and the
Income Tax Rebates of 2001.

@ What is the question and its importance? Answer?

@ Why is this approach different from other papers that have asked this question?
© Data adequate? Reasonable measure of what the author claims to be measuring?
@ Source of the data clear? Manipulations and cleaning?

@ Methodology adequate for answering the question?

@ Clear mapping from the data to the model and vice-versa?

@ Measurement error? If so, is this addressed or considered?

@ Reverse causality, endogeneity problem? Approach to achieve identification?

© Conclusions tightly linked to the data? Overstatement results?

@ Do you like the paper?
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Empirical tests of PIH (Discussion 2 )

Hsieh (AER, 2003). Do Consumers React to Anticipated Income Changes?
Evidence from the Alaska Permanent Fund.

@ What is the question and its importance? Answer?

@ Why is this approach different from other papers that have asked this question?
© Data adequate? Reasonable measure of what the author claims to be measuring?
@ Source of the data clear? Manipulations and cleaning?

@ Methodology adequate for answering the question?

@ Clear mapping from the data to the model and vice-versa?

@ Measurement error? If so, is this addressed or considered?

@ Reverse causality, endogeneity problem? Approach to achieve identification?

© Conclusions tightly linked to the data? Overstatement results?

@ Do you like the paper?
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